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Abstract. In this paper, we establish an optimal dual version of trace esti- 
mate involving angular regularity. Based on this estimate, we get the general- 
ized Morawetz estimates and weighted Strichartz estimates for the solutions to 
a large class of evolution equations, including the wave and Schrodinger equa- 
tion. As applications, we prove the Strauss' conjecture with a kind of mild 
rough data for 2 < n < 4, and a result of global well-posedness with small 
data for some nonlinear Schrodinger equation with L^-suberitical nonlinearity. 



1. Introduction and Main Results 

In the analysis of partial differential equations, e.g., the wave and Schrodinger 
equations, there are many results under the assumption of the spherical symmetry. 
At the same time, there are many radial estimates dealing with only the radial 
functions. In general, such estimates or results would not hold for the general case. 
A natural question is: how much additional angular regularity of the functions is 
allowed to ensure that the radial results are still valid in that case. 

In principle, we believe that, for most of the results with radial assumptions, 
there are the counterparts for the functions with certain angular regularity. Re- 
cently, there have been some interesting results in this direction, see e.g. Machihara- 
Nakamura-Nakanishi-Ozawa ^24^, Sterbenz Kato-Nakamura-Ozawa Il6l, Cho- 
Ozawa [5]. In this paper, we make an attempt to get some systematic results in 
this direction. 

To this end, we establish an optimal dual version of trace estimate involving an- 
gular regularity. Based on this estimate, we get the generalized Morawetz estimates 
and weighted Strichartz estimates for the solutions to a large class of evolution 
equations, including the wave and Schrodinger equations. As the applications of 
our estimates, we prove the Strauss' conjecture with a kind of mild rough data for 
2 < n < 4, and a result of global well-posedness with small data for the nonlinear 
Schrodinger equation. 

Let S be the space of Schwartz function, A^^ = J2i<i<j<n ^Ij t'C the Laplace- 
Beltrami operator on 5""^ C M" with = Xidj — Xjdi, uj e S*"^^, — vT~~Aj. 
For X g M", we introduce the polar coordinate x = rcu with r > and ui e S*"^^. 
Let A = J27=i ^"i =dr + + be the Laplacian and D = ^/^. Based on 

the usual Besov spaces Bp ^, we introduce the Besov spaces with angular regularity 
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as follows (m > 0) 

For the usual Sobolev space = i3| 2 or the homogeneous Besov space Bp^, we 
can similarly define the spaces i/^'™ = B'2',2,u;^ Hl'q'u = K"^H,q and i/^'™ = 

ris,m 

• Trace Lemma and Sobolev Inequalities with Angular Regularity 

We first state the dual version of the trace lemma, which plays the central role 
in this paper. 

Theorem 1.1 (Dual Version of the Trace Lemma). Let b E and n>2, then 

we have the following equivalent relation 

(1.1) \\A^\x\---^{x)\\li^\\9\\li 
for any g E L^. 

Here A^B {A<B) means that cB < A<CB {A< CB) with C > c> 0, and, 
in what follows, the constants C and c might change at each occurrence. 
From (fLTjl . we know that 

(1-2) \\\xr'^9da{x)Ui<\\9\\H, 
if s > and 6e (l,n). 

Remark 1.1. The estimate (II. 2p has been proved by Wang in ,39j with s — Q and 
b € (l,n.) ; and Hoshiro [15] with s = and n> 3. The novelty of our estimate 
(|l.ip consists in getting the equivalent relation instead of the usual inequality. 

Remark 1.2. For the estimate (jl.ip or (|1.2p . the condition on b is also necessary, 
see Remark \3.1\ 

By duality, scaling and the Sobolev embedding in 5"^^ 

n — 1 

w, c with s > 



2 ' 

we can get the following Sobolev estimates which are of independent interest. 

Corollary 1.2. Let be (1, f^) and n > 2, we have 

(1.3) sup r^\\f{rLu)\\L2<\\B^A^f\\L2 

r>0 

and 

(1-4) I|d-Uz'/||l^<IIN'^/(x)|Ui ^ LI 

for any f ^ S. Moreover, if s > then 

(1-5) sup r^||/(rc^)|U^<||DU^/|U2. 

r>0 

Remark 1.3. When f is a radial function, the estimate (|1.3p has been proved 
essentially by Li-Zhou (Theorem 2.10 in |22| ). The estimate (|1.5p for radial f with 
b = 2 and n > 3 reduces to Ni 's inequality |26| . 
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Remark 1.4. Recently, Cho-Ozawa prove the estimate ()1.5|1 with s > n — 1 — | 
in [5]. Our result improves the angular regularity. Moreover, the requirement of 
angular regularity in our estimate is essentially optimal, since the index ^i^ + l = ^ 
is precisely the infimum of s so that C 

As a side remark, we have the following alternative trace estimate for the for- 
bidden case 6=1. 

Proposition 1.3. For any compact C°° hypersurface M C M" and g e L\.j, we 
have 

(1.6) supi?-5|l5dM(x)|U2 <||.g|U2 <limsupi?-'||5dM(x)|U2 

. 1 

Moreover, by duality, we have C L\j, and by rescaling, we get 

(1-7) r^ll/MIUj,.<ll/ll^^ 

^2,1 

for any f eS. 

Remark 1.5. The inequality (jl.6p is precisely Theorem 2.1 and Theorem 2.2 of 
Agmon-Hormander [IJ. 

Let Am be the Laplace-Beltrami operator on M and Am = (1 — Am)^, then, 
from (|1.7p . we can get the following estimate, 

(1-8) r'^\\f{ry)\\L^^,<\\Alif\\.i 

-°2,1 

with s > ^^^-j^- This also relaxes the condition s > n — | of Cho-Ozawa 5j in the 
case of M = S'"-i. 

As an application of (jl.Sp and (jl.Sp . we can get the following result of compact 
embedding (see e.g. p7 of [5] for the proof, and see e.g. Section 1.7 of Cazenave [3] 
for the previous radial result) 

Proposition 1.4 (Compact Embedding). The embedding H3' C is compact 
for & e (1, n), TO > 2^ and 2 < p < Moreover, the embedding 621"^^ C is 

compact for m > and 2 < p < . 

• Generalized Morawetz Estimates 

It is well-known that we can get certain generalized Morawetz inequality (or 
the local smoothing effect for the dispersive case a > 1) from the knowledge of 
the inequality like (|1.2p . Here we can give a more refined estimate because of the 
improved version of the trace lemma. 

Theorem 1.5. If b E {i,n) and a> 0, then we have 
(1-9) \\\x\-h^'^^fh.^^^\\D-^Atff\\Li 

for any f E S. Moreover, for the endpoint case b = I, we have the following local 
estimate 

(1-10) supi?-i|le'*°7lL^^, ^<I1D^/|U2 

for any f eS. 
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The generalized Morawetz estimates usually take the form 
(1-11) lll^r^e^*°7llL?,,<liD^A^/|U.. 

The novelty of our estimate (|1.9[) consists in getting the equivalent relation instead 
of the usual inequality. Note that a similar phenomenon was found recently by 
Vega-Visciglia [37 to the estimate (|1.10p for the Schrodinger equation {a — 2). 

Remark 1.6. The estimates (II. lip without angular smoothing index (s—0) have 
been proved by many authors for the special case a — 1,2. Morawetz [25 first got 
the estimate with s = 0, 6 = 3 and n> A for the wave equation (a = \). Kato and 
Yajima jl8) gave the estimate with s = 0, & G (1, 2] and n > 3 for the Schrodinger 
equation (a = 2). Sugimoto |35| and Vilela |38j prove the estimate for a = 2 
with s — 0. For the estimate with an angular smoothing index, Hoshiro |15| and 
Sugimoto [35 get some of the estimates for a = 1, 2 with s ~ 

Remark 1.7. The local smoothing estimate (jl.lOp was obtained by Kenig-Ponce- 
Vega for a — 2 in j21j . As far as we know, the space-localized estimate with a = 1 
was first obtained by Smith-Sogge in Lemma 2.2 of |30| . 

Remark 1.8. In the case of wave equation (a= I), there also exists an important 
time-localized estimate, which was first obtained by Keel-Smith-Sogge [19j 

log(2 + r)-3||(x)-^e^*D/||^.^^^^.<||/|U.. 

• Weighted Strichartz Estimates 

For the operator e^*^ with a > 0, the so-called Strichartz estimates usually take 
the form (see e.g. Keel-Tao pp] ) 

(1-12) l|e'*°VllL?L;<ll/ll,^., 

where s — j — ^ — fhy scaling. The Strichartz estimates have been proved to be 
very useful in the study of the well-posed problems, see e.g. [3], [23], [29j and [3T] . 
In practice, it is interesting and meaningful to consider the generalized Strichartz 
estimates of the following type 

(1-13) l|e'*°7l!L?L^ ,„ , , Ls<ll/lli^r- 

Moreover, we are interested in obtaining the weighted Strichartz estimates 

ll|:rr"e'»VlU?L;- „ . L£ <I1./I1h;- ■ 

I 33 I " ^ d I 33 I 

If we interpolate between the estimates (|1.9p and the Sobolev inequality (|1.3p . 
we can get the following weighted Strichartz estimates. 

Theorem 1.6 (Weighted Strichartz Estimates). If b E {l,n), a > and re [2, oo], 
we have 

(1-14) |||a;|t-^-le"DV(^)IU'-, ,„ , , Ll<\\^^-^Atff\\Ll, 

for any f eS. 

The estimates stated in Theorem ll.6l is the homogeneous estimates. In practice, 
it is often important to give the inhomogeneous estimates. By the Christ-Kiselev 
lemma (Theorem 1.2 in [^), we can get the inhomogeneous estimates. In conclusion, 
we have 
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Theorem 1.7. Let g, g e [2, c»], ^ - a, | - 5 G {Q,'-^), s ^ ^ - ^ - a, 
si = + ~ f (note that s + si = ^ — and s, si similarly defined. Then we 
have 

(1.15) |l|x|-"D«A-e'*DVWIlL^ ,„ , , ,Li<ll/IU^ 
and by duality, one can get 

(1.16) II /D^A^^e— D"F(s,a;)ds|U.<|||xrF||^,. . 
Moreover, we have the following inhomogeneous estimates 

(1-17) II f ^'K-e^'^'-^^'^'' F{s,x)dsU^L.<\\\xrF\\^,. 



and 
(1.18) 



II / |:Er"D^+^A5^+^~^e'(*-^)DV(s,a;)dsL, , L^<IINrJ^L.' 



t,|m|"-id|a=| 
wif/i q > q' . 

Remark 1.9. Harmse [TT and Oberlin [27] gof f/ie inhomogeneous inequality 

(1-19) lkllL?,,<ll^^llLr,.' 

/or t/ie solution w of the equation {d^ — A)w — F with data (0,0), if ^^ii — — 2 
and 

^ ^ 2n n + 1 g 2n 

Our estimate (ll.lSp generalizes the Harmse- Oberlin estimate for a — 1 to the gen- 
eral cases with weights. 

In particular, if we choose b £ (1, n) such that ^ — ^— |=Oin Theorem 1 1.6[ 
we can get the following generaUzed Strichartz estimates with g = r in presence of 
angular regularity. 

Corollary 1.8. Leta>0,re (;^, oo) and p G [2, oo), we have 

(1.21) ||e"°V(x)L^, ^ , ,lS<I|D*"'^a!""^/|U., 
/or any / G 5. 

• Generalized Strichartz Estimates for the Wave Equation 

In the case of the wave equation (a — 1), it is well known that we have the 
classical Strichartz estimates (I1.12p (see [5]) if 

1 In— 111 4 

(1.22) - <min(-,^— (---)), (g,r) ^ (max(2, -),(^),(q,r) ^ (oo,oo). 

q 222r n — 1 

The result in CoroUarv l 1 . Sl extends the Strichartz estimates to the case of g = r < oo 
and 

-<(^-l)(^--)- 
q 2 r 
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Thus it is natural to guess that there is a similar result in the more general case 
q ^ r. It is in fact the case at least for r ~ p (see Sterbenz [33] for n > 4, and 
Section [231 for the full range n> 2). 

Theorem 1.9. Let s = n(i - i) - i, 

(1.23) sfc„ = --(n-l)(i--), 

q 2 r 

and 

n — 1,1 1, 1 , ,,1 1, 

(1.24) ^(---)<-<(.-l)(- --),,> 2, 

then we have the estimates 

l|e^*°/llL?Lj<ll/llA:- 

for any si > Sk„. 

In our previous paper ^ , we prove that the endpoint Strichartz estimates 

l|e'*°/llL|Lj<ll/ll,^. 

with (g, r) = (4, oo) and n ^ 2 does not hold in general, and holds for radial func- 
tions. As a corollary of Theorem 1 1.91 we can recover this estimate by interpolating 
the angular L'^~L°° estimate and the classical L'^^L°° estimate, if we add certain 
angular regularity. Thus, by combining it with the n — 3 result of [24] . we have the 
following result. 

Corollary 1.10. Let n — 2,3, for any e > 0, we have 
(1-25) \\e''''fix)\\ ^ <||/||.^... 

• Generalized Strichartz Estimates for the Schrodinger Equation 

The case a = 2 is just the case of the Schrodinger equation. In this case, recall 
that we have the classical Strichartz estimates (see e.g. Keel-Tao [20] ) 

l|e^*^/|U?Ls<l|/IU^, 

if 

1 n,l 1, 1, 

- = -{---)<-,{q,r,n)^{2,oo,2). 

As in the case of the wave equation (see [8]), we can generalize the estimates to 



(1-26) l|e'*^/llL?L:<l|D5-^-^/|| 



for 

1 1 n 1 1 

(1-27) - < min(-, -(- - -)), {q,r) ^ {^,^), (2,(^). 

Then, the estimates (|1.26p require ^^"^^^ < r < oo in the case of q = r. However, 
by adding some additional angular regularities, we can relax this restriction to 
r > in p.2ip . Moreover, by interpolate with the known Strichartz estimates 

for q ~ r — Hlli+Hl^ we can improve the estimate (jl.2ip with a = 2 further. 
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Corollary 1.11. Let n > 2 and 

, 2n 2(n + 2)^ 

r& 7,^ 

n — 1 n 

we have 

(1.28) l|e'*^/|lL^,^<||Dt-^AF'"^"*^+VllLj, 
for any e > and / G 5. 

Remark 1.10. Recently, when the data f is radial, Shao [28j generalizes the esti- 
mates (fT^ to the range of 2^^ <q = r < 22±2. 

In general, we conjecture that, the estimate (jl.lSp with a — 2 and s — f ~ | — 7 
holds true with si > Skn for 

/, nA 1, 1 2n- 1,1 1, 

(1.29) 2(2-;)<r ^^2-;)^^^'^^^' 

where 

2 2n— 1 n — 1 n 

1.30 Skn = - + 

q r p 2 

It may be interesting to note that in the case of p = r, Skn — | + 7 ^ f i which is 
just — s. 

Next, for the above estimates, we give two applications. 



n _ 2 
2 p-1 ' 



(1.31) 



• Applications to the Wave Equation 

Let X e M" with n > 2, Fp(u) = X\u\p (A e M\{0}, p > 1), s, 
Ss6 = I - ^, Pconf = 1 + P/i = 1 + („+i^"„_i) and Pc be the solution of the 
quadratic equation 

(n - 1)pI - {n + l)p, - 2 ^ 0, Pc > 1. 

Note that p > pc if and only if Sc > Sst- Consider the following semi- linear wave 
equations for m : M x M" ^ M, 

(52 - A)u = Fp{u) 
u{0,x) = f,dtu{0,x) = g. 

Strauss' conjecture asserts that the problem (|1.3ip has a global solution for p > pc, 
when the initial data (/, .g) is sufficiently small and smooth with compact support. 
This conjecture was finally completed by Georgiev-Lindblad-Sogge in [S] (see also 
Tataru [36] for another proof). In [9J, the authors raised an interesting problem: 
"Under what kind of the low regularity assumptions on the data, the Strauss conjecture 
still holds true?" 

When p > Pconf, Lindblad-Sogge [23] have succeeded in getting the global well- 
posed result for (ll.31|) with small data (/, 5) G H'^' x where Sc is the 
minimal regularity assumption. When the data (/, 5) G H'^" x H'^"^^ are small and 
radial, there are results dealing with either n < 4 or p > p^, see e.g. Sogge [?T] . 
Lindblad-Sogge ^ and Hidano [12]. 

We can apply the above estimates to this problem for the small data (/, 5) £ 
ij^^'**! X H^''~^'^^ with some si. Following the arguments in Section 8 of Lindblad- 
Sogge [23] , we will first prove the following 
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Theorem 1.12. Let n > 2, ph < p < Pconf (i-s-, ^ < < ^) and si > ^ ~ Sc- 

Suppose that 

with small enough norm, then there is a unique global weak solution u to p.31|) 
satisfying 

u e CtK^ n cIh:^^ n with q . ^ 

Moreover, we can prove the Strauss' Conjecture with a kind of mild rough data 
for n < 4 in the sense of the following theorem. 

Theorem 1.13. Let 2<n<4, pc<P< Pconf and si — Suppose that 

with small enough norm, then there is a unique global weak solution u € CtH^"''^^ D 
p3i|) satisfying 

I I '-d\x\ ^ ' 

for a = ^ - and Ss = Si + - s^f,. 

Remark 1.11. At the final stage of preparation, we learned from Professor Sogge 
that they have independently obtained a related result for the equation on the exterior 
domain (see Hidano-Metcalfe- Smith- Sogge- Zhou |14j ). 

• AppHcations to the Schrodinger Equation 

Let X £ R" with n > 1, Fp{u) = \\u\p or Fp{u) = X\u\p-'^u (A € R\{0}, p > 1), 

*c = f - ^) PL2 = l + |)Pi = l + \f^l- Consider the following nonhnear 
Schrodinger equation for w : M x M" C, 



(1.32) 



{idt ~ ^ F.p{u) 
u{0,x) = f. 

Cazenave and Weissler [3] proved that if Sc > (i.e. p > pl2) and [sc] < p — 1 
(sc < p if Sc G Z), this problem is global well-posed in CtH^" (for / e H^" 
with small enough H^" norm). Moreover, if Sc < 0, the problem is global well- 
posed in CtL^, and fail to be uniformly well-posed in C(ff| for any s < (see 
Birnir-Kenig-Ponce-Svanstedt-Vega [2] or Christ-CoUiander-Tao [B]). Recently, by 
assuming / £ H'^" to be small and radial, Hidano 13J get a global result for some 
X^-subcritical nonlinearity 1 + < p < pl2 and n > 3. We generalize his result 
to the angular case as follows. 

Theorem 1.14. Let 3<n<6, pi<p< pL2 and si — Suppose that 

f e H^"'^^ with small enough norm, then there is a unique global weak solution 
u e CtH^"''^^ to the equation p.32p . satisfying 

\x\~°'u € Li, ,H'J 

for a — — and S2 — f ~ ' '^^^'''^ 9 satisfy the restriction 

2 ,1 , , 2 n-1 2 , 1 n-1 1 n-3, 

-e [-,i]n( 7-^^, 7-^^)n[ 7-^^, ^ - 

q p P^l 2 P — i- 2p 1 Zp p — 1 Zp 
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This paper will be organized as follows. In Section [21 we collect some preliminary 
results concerning on the analysis on the sphere and the knowledge of the Bessel 
functions. In Section [31 we prove the dual version of the trace lemma (Section 13. II) . 
the generalized Morawetz estimates (Section 13.21) and the generalized Strichartz 
estimates (Section 13. 3|) . in the presence of angular regularity. In Section [4l we give 
the first application of the estimates obtained in Section[3lto the Strauss' conjecture 
with a kind of mild rough data for n < 4 or ph < p < Pconf- In the final Section [5l 
we give another application to a result of global well-posedness with small data for 
the nonlinear Schrodinger equation. 

2. Preliminary 

For any x e K", we introduce the polar coordinates r = |x| and w G 5*"^^ 
such that X = ru. Let {x) = y^l+\x^ and H{t) be the usual Heaviside function 
{H{t) = 1 if t > and H{t) = else). For a set E, we use \E\ to stand for the 
measure or cardinality of the set E depending on the context. 

The proof of the trace lemma is based on the expansion of a function defined on 
the sphere with respect to the spherical harmonics. Here we describe the expansion 
precisely. 

Let n > 2. For any fc > 0, we denote by Hk the space of spherical harmonics 
of degree k on by d{k) = 2k+n~2 (jn+k--3 _ (^f^y^~-2 dimension, and by 

{Yk,i, • • • , Yk^d{k)} the orthonormal basis of TCk- It is well known that i^(S'"~^) = 

©fe^o '^i' ^^'^ ^^^^ -^(^' ~ -^(^' ^'^) expansion 

oo d(k) 

(2.1) F{t, ruj)=Y.Yl '")^kA{cj). 

k=a 1=1 

By orthogonality, we observe that ||i^(i, r-)|j£,2 = ||afc,;(t, r)||;2 ^ . 

Let A„ be the Laplace-Beltrami operator on S"^^ and A^^ — Vl — A^^. Then 
we have Ai^Ykj — —k{k + n — 2)Yfc,;. Based on this fact, we naturally introduce 
the Sobolev space ~ Aj*L^ on the sphere S'"""'^ and we have 

(2.2) mt,r-)\\H^ = \\AZF{t,rcu)\\L. ^ \\{kyakAt,r)h.y 

The nonlinear estimates on the sphere, such as the Sobolev embedding, the 
Leibniz rule and the Moser estimate, easily transfers from the Euclidean case (see 
e.g. ^16J). In particular, we have the following Moser estimate (for the Euclidean 
case, c.f. Kato [T7]) 

(2.3) \\KM^)\\KSH\t^^'\\K^\\LL 

for s £ [0, m] and p,q,r e (1, oo) with i + i, where Fk G C™ with 

F(0) = 0, |9"i^(x)|<|a;|''~l"l, 1 < \a\ < m < k. 

The spherical harmonics are closely connected with the special functions such as 
the Gamma function, Bessel functions and so on. Let 



/>oo 

r(s) = / e~W~^dr,s> 
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be the Gamma function, the Bessel function of order k > is defined by 

(2-4) Mt) = - s^-'^ds. 

r(fc + i)r(i) 7_i 

For these functions, we have some weh-known asymptotics. For the Gamma 
function, we have the Stirhng's formula (TI?, P-421) 

(2.5) T{t) ~ V2^t*-h~\ as i -> oo. 
For the Bessel function, we have 

(2.6) JkU) ~ \ -t^^- cos(t - ^^-!^7r) as t oo, Jfe(t) ~ as t -> 0. 

V TT 4 

The following result is proved to be very useful. (Note that in their notation, 
P{x) = \x\^Ykj{^)) 

Lemma 1 (IV. Theorem 3.10 in Stein- Weiss [32]). Let 

(2.7) g^/p) = (2^)tj-M fk,i{r)p''^Jk+^{rp)r^dr, 

Jo 

then we have 

(2.8) fk.ii^A^m = gkMDYk.ii^^) 



As a corollary, if we set /(?■) — 5{r — 1), then we get that 

(2.9) Yk,i&aiLom = (Z^)^*-'!?!""^ Jfc+^(l^l)n,;(J|)- 
In particular, if fc = 0, then we have the well known 

(2.10) 3;(e) = (27r)t|^|-^J_,(|^|). 

We will also need the following special form of the Weber-Schafheitlin integral 
formula for Bessel functions (p. 403 of Watson [40 ). 

Lemma 2. Let /i, i/, A G M such that /i + z/+l>A>0, then we have 

(2.11) r'-iM^dt- nm^±^) 







2 ' V 2 ' V 2 

3. Trace Lemma and Generalized Strichartz Estimates 

In this section, we prove the trace lemma and the generalized Morawetz esti- 
mates, in the presence of angular regularity. Moreover, we give the proof of the 
generalized Strichartz estimates for the wave equation (Theorem ll.9l) . 

3.1. Dual Verison of the Trace Lemma. In this subsection, we prove the dual 
version of the trace lemma stated in Theorem 1 1.1[ which plays the central role in 
this paper. For convenience, we restate it here. 

Theorem 3.1. Let b G and n > 2, then we have the following equivalent 

relation 

(3.1) \\A7^\x\-^^{x)hi^\\g\\Li. 
for any g E Ll. 
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By (|3.1|) . we know that 

(3.2) \M-"^9da{x)\\Li<\\9\\H^^ 
if s > and 6e (l,n). 

Remark 3.1. For the estimate (|3.ip or p.2p . the condition on h is also necessary. 
In fact, let g — I and recalling (I2.10p and the well-known asymptotic of the Bessel 
function (j2.6p . we know that we have 



\\\xr^da{x)\\Li \\t-^J^{t)t'^\\L2^^ ~ J^WIIl?,„ < oo 

if and only if b ^ 

Now we give the proof of Theorem 13.11 
Proof. For any g E L"^, we have the expansion formula with respect to the spherical 
harmonics 

oo d(k) 
fc=0 1=1 

By (|2?9l) . we have 

d{k) d(k) 
k 1=1 k 1 = 1 

Since Yk.i are ortho-normal bases on L^, we have 

fa— 1 

\\A:r\xr^gdaix)\\l2 - / r-''||gd?(rL^)|l2 ,_,r"-idr 

|2„ri-l. 



/•oo 

E(fc>'"' / r-'\bkAr)\'r''-'dr 
k,i -^0 



k,l 



If & € (1, n), we can use the formula (|2.1ip with j^i = v = k + "^^h^ and A = 6 — 1 in 
the last integral. Using the Stirling's formula (|2.5p for large we have 



II r (^'-^\\^ r(b~i)r(fc + 
II '^.^-^W'^ ML, = 2.-ir(|)2r(fc + z^ -) 

Thus, we get that 

||AZ'N-t5d?(x)||i. E K.'l' = Il5lli- 



3.2. Generalized Moravi^etz Estimates. It is well-known that we can get the 

generalized Morawetz estimates (or the local smoothing effect for the dispersive 
case a > 1) from the knowledge of the trace lemma (|3.2p . Here we can give a more 
refined estimate as stated in Theorem 11.51 because of the improved trace lemma in 
Section 13.11 
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Proof of Theorem 11.51 Let £, = Xoj with w e 5*" ^ and s = A° , we first formally 
write e**^ / as follows, 



JtD^ 



1 



(27r)"a 
1 

(27r)"a 
1 



oo 



(27r)"a 

By p.ip and the above expression, we know that 



\x\ 



\x\ 2h{s,x)\\L2_^ 
\x\-'^{J{si-)danx)s'^-^Ll^ 

+ b-2a 



f{suj)s 2 s 

A^Aoicl'^IUl =^ iid'^a^/iu.. 



This is just the required estimate (|1.9p . Note that in the last equality, we have used 
the fact that 

I|a:/IU.c.||a:/IU.. 

This result can be easily seen, write / ~ J^k i fk,i{r)Yk^i{uj), we have 



by (|2.8p . and then applying 

WKfhi 



k,l 

{kY fkA\A)\\ii,Li 

\\{krhMYkAx/\x\)\\i2^^Ll 

^ \\{kr9kA\mkAm)\\ii,Li 
^ ukrgkAmim^wKfhi. 

If we apply (|1.6p instead of p.ip in the proof, we can get the estimate (jl.lOp by 
using a similar argument. More precisely, let = s^^°'R, we have 



i?^5||e'*°VllL 



t,B(mo,-fi) 



< 



II/(OI?|'^IIl?^I|d'^/IIl?. 
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This completes the proof. ■ 

3.3. Generalized Strichartz Estimates for the Wave Equation. In this sub- 
section, we prove Theorem ll.9[ based on Proposition 3.4 and 3.5 in Sterbenz [33 . 

Let (qo, To) and (qi, ri) be the endpoints of the classical and generalized Strichartz 
estimates, i.e., {qi,ri) — (2,2^^) and 



(4,oo) 
! — 

' n— 3 ^ 



{2,2^) n>3. 



Set = 2 for n > 3 and = oo for n = 2. We recall first Proposition 3.4 and 
3.5 in [33]. 

Proposition 3.2. Let ui^n — e^'*'^ui,Ar(0) be a unit frequency, angular frequency 
localized (at 2^ ) solution to the homogeneous wave equation Duuv = 0. Then for 
every 77 > 0, there is a {qri,r,-j) such that {q^,r,-i) — » {qi,ri) as rj and the 
following estimate holds 

(3.3) hi,N\\LrL:- <c^N^/^+^\\u,,Nm\Li- 

First, recall that to give the proof of Theorem 11.91 we need only to prove the 
case r < 00, by the argument in [B] (which uses generalized Gargliardo-Nirenberg 
estimate and LfL^ estimate with r < 00 to control non-endpoint LlL"^ norm, and 
can essentially be viewed as a result of interpolation) . 

By the Littlewood-Paley theory and the Littlewood-Paley-Stein theory (see Strichartz 
[34j ) ■ to prove Theorem 11.91 with r < cx), we need only to prove the following in- 
equalities for Ml, AT, 



(3.4) lki,^llL'L;<iV^^"+'1ki,^(0)|| 



for any e > 0. By interpolating with the trivial estimate (5,r) = (00, 2), we can 
further reduce it to the estimate with r g (j'l, t'o) and q = 2 for n > 3, or (7 e (gi, go) 
and r — 00 for n = 2. 

Recall that for the endpoint (go, ''0), we have the following estimate (see [20] for 
n ^ 3 with e = and [54] for n = 3) 

(3.5) \\ui,N\\LrL:o<N^\u,^Nm\Ll 

for any e > 0. 

Now we can prove the required estimate by interpolation. Fix the parameter 
e > 0, we choose 77 ^ 1 to be fixed later, such that (g^,r^) e [gi,g] x [ri,r], and 
then choose ij, G [0, 1] such that 



(3.6) 



377 go q' Tn ro r 



t„ = (- - —)/{- 5-) for n = 2 and t„ (- - — )/(— - — ) for n > 3. 

q qo qri qa r ro r,, ro 

Thus if we have 

(3.7) (i + 77)i^ < Skn + e, 
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then by ([331) and ([331) . 



< iV(H';)*.+^(i-*.)|jui^^(o)||i2 

< N'-"+''\\ui,NiO)hl, 



which gives the required estimates p.4p 
Note that if n = 2, we have 



V A N 1/1 1 ^ /, 1 l^ 2 1 
n^o 2 ' 2 g go go g 2 



and if n > 3, 



,1 ^ 1.1 l^,,l l^ . ^.l l^ 

hm(- + 77)t„ = -( )/( ) = (n - 1)( ) = Sfc„. 

»?^o 2 Z r tq ri ro r tq 

Now we can choose 77 sufficiently smah, such that the estimate p.7p holds true. 
This completes the proof of Theorem 11.91 

4. Strauss' Conjecture with rough data 

Let n>2, Fp{u) - \\u\p (A £ R\{0}, p > 1), = | - p,„„^ - 1 + 
Ph ~ 1 + („_)_]^"„_]^) and Pc be the solution of the quadratic equation 

{n - 1)pI ~{n + l)p, - 2 = 0, Pc > 1. 

In this section, we apply the inequalities obtained in Section [1] and Section [3] to 
the study of the semi-linear wave equation (|1.3ip with small data (/,(;) G H^"'^^ x 
H^''~^''^^ for some si. 

4.1. Global results for ph < p < Pconf- In this subsection, we give the proof of 
Theorem 11.121 following the arguments in Section 8 of Lindblad-Sogge [25 . 

For the proof, we will invoke the generalized Strichartz estimates in Theorem ll.9l 
and the inhomogeneous inequality of Harmse-Oberlin (|1.19p . 

We use the usual contraction argument to give the proof. Let q = ("+iKf'~i) 
and 

x = {ue CtH^ n C}Hlr~^ n Ll, M^^^ < Ce} 

with C > 1 to be determined, and Skn = 5 — Sc- Define a map T : u 1-^ v for u £ X , 
such that V is the solution of the equation 

{d^ - A)v = Fp{u),v{0, x) = /, dtv{0, x) = g. 

Hereafter, we denote by Vhom and Vinh the homogeneous and inhomogeneous part 
of V respectively, i.e., Vhom = T{0) and v,nh = v - Vhom- 

Since u & X, we have Fp{u) £ L^^x ■ Note that ph < p < Pconf if and only if 
2(^^+1) ^ g '^lii*^'^ means that the index pair [q^q) satisfy (|1.24|) . Since 

ij^c.si s^H^i:-^.'! £ with Si > Skn, we get from Theorem [L9j 

C 

\\Vhom\\ctH'J'-'^nL1 ^+\\'^t'"ho,n\\(j^ij^j-i,-'l < C*! 1 1 (/, 5) 1 1 , = 1 ^ = i < — £. 

Note that (q/p)' > 2^^3j if and only if p < Pconf, we get that 

C 

\\vinh\\c,Hi-nc}Hi''~'nL^, < C2||Fp(u)||^,/p < C2\X\iCe)P < —e 
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by the inhomogeneous version of the classical Strichartz estimates (|1.22|) and the 
inhomogeneous estimate (|1.19p with r = q/p, if e is sufficiently small. 
Similarly, one has 

\\vi-V2\\lI^ < C3\\Fp{u,)-Fp{u2)\\^,/, < C4(Ce)P-i|lui-U2lL?^ < ^\\u,-U2\\li^. 

Thus we have proved that for e > small enough, T is a contraction map on X, 
which completes the proof of Theorem 11.121 

4.2. Strauss' Conjecture with mild rough data for n < 4. In this subsection, 
we give the proof of Theorem ll.l3l bv using the weighted Strichartz estimates (jl.l4p 
in Theorem 11.61 and Sobolev inequality (|1.4|) in Corollarv ll.2l 

Since the method of proof is just the usual contraction argument (as in subsection 
14. ip . we need only to give some of the key inequalities here. 

First, for si = S2 = si + Sc - Sgb, a = - and any solution 

u of the equation {df — A)u — with data (/, 5) £ H^"'^^ x H^"''^-'^^ , we have 
u e CtHt"'"^ n ClH^""^'"^ and get from (fTTil) that 

I I ija^r d\x\ ^ ' 

if Sc - Ssb G (0, ^), i.e., p > Pc. 

Since n < 4 and p > Pc > 2, we have ^^^^^ < 2 < [p], where [p] stand for the 
integer part of p. Note that by the Moser estimate (|2.3p and the Sobolev embedding, 
we get the following estimate on S"~^ 



(4.1) \\Fpiu)\\H^^<\\u\ 



with b > + iiO <a < '-^ (and thus a < [p]). Then by letting b = S2 

and a ~ ps2 — ^-^{p — 1) = — < we have 

Recall the estimate (|1.4p . if ^ — Sc G (0, ^^^), i.e., 1 + < p < Pconf, then 

Fpiu)eLlH'j"^'''^^~'\ 

Note that a + 5 - Sc = ^ = si, we have Fp{u) G LjE^^'^'^K 

By the classical energy estimate, we can get again (w, e CtiH^"'^^ x H^'=~^'^^) 
and 

if (9j — A)t) = i^p(u) with initial data (/, g). 
If we define the solution space X to be 

t,|x|"-ld|x| 

then, at last, combining all above, we can prove that the problem (ll.3ip with 
Pc < p < Pconf is global well-posed for small data in the space CtH^"''^^ {^C} H^''~^''^^ 
with si = Thus we get Theorem II .131 



16 



DAOYUAN FANG AND CHENGBO WANG 



5. An Application to the Schrodinger Equation 

In this section, we prove Theorem II .141 As in Section [421 we will only give the 
key inequalities for the proof. 

Let n > 3, 1 < p < pl2, si = a = ^^^^ — and 5 > 2 to be determined 
later. The solution space is 



By (fTTSl) . we have e"**'^/ G X with 

n— 1 n n — \ 2 1 
(5.1) S2 = si H ha = 



2 q 2 g p - 1 ■ 

for any / e ij^^-^i with norm < e, if ^ — a = — | G (0, 

2 n-1 2 2 
(5.2) — < - < 



p — 1 2 q 1 
By the Moser estimate (|4J|) . if S3 = ps2 - ^^(p - 1) e [0, [p]] and S3 < we 



have 



(5.3) \A-'''F,{u) e i?,^|„-.,|,| 

for any u such that |a;|^"u e The restrictions on S2 and S3 can be 

reduced to that on q, i.e. 

, , 1 n-l 2 1 n-3 
5.4 — < - < — . 

^ ' p-1 2p - q p-1 2p 

For any u E X, define v — Tu to be the solution of the equation {idt — A)v = 
Fp{u) with ^(O) = 0. We want to show that v G X. Recall the estimate (11.17^ . we 
have V e 77^-^1 , [{ q/p < 2, < S3 + ^ ~ap- ^ and ^ + ape (0, 
i.e., 

3 2p 

(5.5) si < S3 - Sc + , 

2 q 

, , 21 ,2 n 2 2 n+1 

(5.6) ->-, and ^--<-< - 

(7 p J5^1 J5 9 P^l 2p 

Moreover, by estimate p.lSp . we have 

I I d\x\ ^ 



S3 



if52-S3<(^ + a-f) + (V-ap-(^),i.e., 

(5.7) .2-S3<(--J) + (^-J) = l-2^. 

9 2 (g/p)' 2 g 

The above information is sufhcient for us to prove the Theorem 11.141 by using 
the contraction argument. Thus to complete the proof, we need only to check the 
requirement on q. By the expression of S2 and S3, it is easy to check that the 
inequality (|5.5p and (|5.7p hold with equality. 

The restrictions on g > 2 is just (|5.2p . (|5.4p and (|5.6p . Recall that we assume 
p<PL2<^, then 

2 n 2 n — 1 
r < — ■ 
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This means that the restrictions on q is just 

, ,2 A , , 2 n-1 2 n + 1, , 1 n-1 1 

(7 p p— 1 2 ]3— 1 2p P — ^ 2p p — 1 2p 

This is our requirement on q. To complete the proof of Theorcm l 1 . 1 4[ we conclude 
that this set is nonempty if 



2 4 

(5.9) p-leUI ,-)andn<6, 

n — 1 n 

i.e. < P < Pl2 and n < 6. This can be directly calculated. The somewhat 
strange index pi comes from the condition 

2 n-l 1 n-3 

< 



p-1 2 p-1 2p 
We want 

1 1 n-3 2 
< ^ p < 1 



p p — 1 2p 71 — 3 

is true for any p — pl2 — £ with e small enough, which gives us the restriction on 
the dimension n < 6. This finishes the proof of Theorem 1 1.1 41 

Acknowledgement. We would like to thank the referee for a careful and thorough 
reading of the manuscript and a number of criticisms and helpful suggestions. 



References 

[I] S. Agmon, L. Hormander, Asymptotic properties of solutions of differential equations with 
simple characteristics, J. Anal. Math. 30 (1976), 1—28. 

[2] B. Birnir, C. Kenig, G. Ponce, N. Svanstedt, L. Vega, On the ill-posedness of the IVP for the 
generalized Korteweg-de Vries and nonlinear Schrddinger equations, J. London Math. Soc. 53 

(1996) , 551-559. 

[3] T. Cazenave, Semilinear Schrddinger Equations, Courant Lecture Notes in Mathematics 10, 
AMS, 2003. 

[4] T. Cazenave, F.B. Weissler, The Cauchy problem for the critical nonlinear Schrddinger equa- 
tion, NonUnear AnaL 14 (1990), 807-836. 
[5] Y. Cho, T. Ozawa, Sobolev inequalities with symmetry, preprint. 

[6] M. Christ, J. CoUiander, T. Tao, Ill-posedness for nonlinear Schrodinger and wave equations, 

arxiv:math.AP/0311048. 
[7] M. Christ, A. Kiselev, Maximal Functions Associated to Filtrations, Jour. Func. Anal. 179 

(2001), 409-425. 

[8] D. Fang, C. Wang, Some Remarks on Strichartz Estimates for Homogeneous Wave Equation, 

Nonlinear Anal. 65 (2006), no. 3, 697-706. 
[9] V. Georgiev, H. Lindblad, C. D. Sogge, Weighted Strichartz estimates and global existence for 

semilinear wave equations, American Journal of Mathematics, 119 (1997), 1291—1319. 
[10] L. Grafacos, Classical Fourier Analysis, 2nd Edition, GTM 249, Springer, New York, 2008. 

[II] J. Harmse, On Lebesgue Space Estimates for the Wave Equation, Indiana Univ. Math. J. 39 
(1990), no. 1, 229-248. 

[12] K. Hidano, Morawetz- Strichartz estimates for spherically symmetric solutions to wave equa- 
tions and applications to semi-linear Cauchy problems. Differential and Integral Equations, 
20 (2007), 735-754. 

[13] K. Hidano, Nonlinear Schrodinger equations with radially symmetric data of critical regu- 
larity, arXiv:0711.1941vl [math.AP] 

[14] K. Hidano, J. Metcalfe, H. F. Smith, C. D. Sogge, Y. Zhou, On Abstract Strichartz Estimates 
and the Strauss Conjecture for Nontrapping Obstacles, arXiv:0805.1673vl [math.AP]. 

[15] T. Hoshiro, On weighted estimates of solutions to wave equations, J. Anal. Math. 72 

(1997) , 127-140. 



18 



DAOYUAN FANG AND CHENGBO WANG 



[16] J. Kato, M. Nakamura, T. Ozawa, A Generalization of the Weighted Strichartz Estimates 
for Wave Equations and an Application to Self-Similar Solutions, Comm. Pure Appl. Math. 
60 (2007), 164-186. 

[17] T. Kato, On nonlinear Schrddinger equations. 11. -solutions and unconditional wellposed- 

ness. J. Anal. Math. 67 (1995), 281-306. 
[18] T. Kato, K. Yajima, Some examples of smooth operators and the associated smoothing effect, 

Rev. Math. Phys. 1 (1989), no. 4, 481-496. 
[19] M. Keel, H. Smith, C. D. Sogge, Almost global existence for some semilinear wave equations. 

Dedicated to the memory of Thomas H. Wolflf. J. Anal. Math. 87 (2002), 265-279. 
[20] M. Keel, T. Tao, Endpoint Strichartz Estimates, Amer. J. Math. 120 (1998), 955-980. 
[21] C. E. Kcnig, G. Ponce, L. Vega, Oscillatory integrals and regularity of dispersive equations, 

Indiana Univ. Math. J. 40 (1991), 33-69. 
[22] T. T. Li, Y. Zhou, A note on the life-span of classical solutions to nonlinear wave equations 

in four space dimensions, Indiana Univ. Math. J. 44 (1995), no. 4, 1207—1248. 
[23] H. Lindblad, C. D. Sogge, On Existence and Scattering with Minimal Regularity for Semi- 
linear Wave Equations, J. Punc. Anal. 130 (1995), 357-426. 
[24] S. Machihajra, M. NaJjamura, K. NaJjanishi, T. Ozawa, Endpoint Strichartz estimates and 

global solutions for the nonlinear Dirac equation, J. Punc. Anal. 219 (2005), 1-20. 
[25] C. S. Morawetz, Time decay for the nonlinear Klein-Gordon equation, Proc. Roy. Soc. A306 

(1968), 291-296. 

[26] W. M. Ni, A nonlinear Dirichlet problem on the unit ball and its applications, Indiana Univ. 

Math. J. 31 (1982), 801-807. 
[27] D. M. Obcrlin, Convolution estimates for some distributions with singularities on the light 

cone Duke Math. J. 59 (1989), no. 3, 747-757. 
[28] S. Shao, Sharp linear and bilinear restriction estimate for paraboloids in the cylindrically 

symmetric case, aj:Xiv:0706.3759 [math.CA]. 
[29] J. Shatah, M. Struwe, Geometric wave equations, Courant Lect. Notes 2 (1998), Courant 

Institute, New York; second edition, AMS (2000). 
[30] H. F. Smith, C. D. Sogge, Global Strichartz estimates for nontrapping perturbations of the 

Laplacian, Comm. Partial Differential Equations 25 (2000), no. 11-12, 2171-2183. 
[31] C. D. Sogge, Lectures on nonlinear wave equations. Monographs in Analysis, II. International 

Press, Boston, MA, 1995. 
[32] E. M. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Math- 
ematical Series, No. 32. Princeton University Press, Princeton, N.J., 1971. 
[33] J. Sterbenz, Angular regularity and Strichartz estimates for the wave equation. With an 

appendix by Igor Rodnianski, Int. Math. Res. Not. 2005 No.4, 187-231. 
[34] R. S. Strichartz, Multipliers for spherical harmonic expansions. Trans. Amer. Math. Soc. 167 

(1972), 115-124. 

[35] M. Sugimoto, Global smoothing properties of generalized Schrodinger equations, J. Anal. 
Math. 76 (1998), 191-204. 

[36] D. Tataru, Strichartz estimates in the hyperbolic space and global existence for the semilinear 
wave equation. Trans. Amer. Math. Soc. 353 (2001), no. 2, 795-807. 

[37] L. Vega, N. Visciglia, On the local smoothing for the Schrddinger equation, Proc. Amer. 
Math. Soc. 135 (2007), 119-128. 

[38] M. C. Vilela, Regularity of solutions to the free Schrddinger equation with radial initial data, 
Illinois J. Math. 45 (2001), no. 2, 361-370. 

[39] S. L. Wang, On the weighted estimate of the solution associated with the Schrddinger equa- 
tion, Proc. Amer. Math. Soc. 113 (1991), 87-92. 

[40] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, 
Cambridge, 1944. 

Department of Mathematics, Zhejiang University, Hangzhou, 310027, China 
E-mail address: dyfSzju.edu.cn 

Dep.\rtment of Mathematics, Zhe.iiang University, H.'Vngzhou, 310027, China 
Current address: Department of Mathematics, Johns Hopkins University, Baltimore, Maryland 
21218 

E-mail address: wangcboSjhu.edu 



